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ON THE NON-ABELIAN BRUMER-STARK CONJECTURE 


HENRI JOHNSTON AND ANDREAS NICKEL 


Abstract. We show that for an odd prime p, the p- primary parts of refinements of 
the (imprimitive) non-abelian Brumer and Brumer-Stark conjectures are implied by the 
equivariant Iwasawa main conjecture (EIMC) for totally real fields. Crucially, this result 
does not depend on the vanishing of the relevant Iwasawa /i-invariant. In combination 
with the authors’ previous work on the EIMC, this leads to unconditional proofs of the 
non-abelian Brumer and Brumer-Stark conjectures in many new cases. 


1. Introduction 

Let LjK be a finite Galois CM-extension of number fields with Galois group G. To 
each finite set S of places of K containing all the archimedean places, one can associate 
a so-called ‘Stickelberger element’ 6s{L/K) in the centre of the complex group algebra 
C[G]. This element is constructed from values at s = 0 of S'-truncated Artin L-functions 
attached to the complex characters of G. Let /il and clp denote the roots of unity and 
the class group of L, respectively. Assume further that S contains the set of all finite 
primes of K that ramify in LjK. Now suppose that G is abelian. It was independently 
shown in |GN791 IDRSOl IBar78] that we have the containment 

KnYi^^G]{^JiL)Os{L/K) C ZIG]. 

Moreover, Brumer’s conjecture asserts that in fact 

AnnziG](/^L)ffs(L/K) C Annz[G](clL)- 

The Brumer-Stark conjecture is a refinement of Brumer’s conjecture that not only asserts 
that the class of a given ideal is annihilated in cU, so it becomes a principal ideal, but 
also gives information about a generator of that ideal. 

In the case that G is non-abelian, the second named author |Nicllaj formulated gen¬ 
eralisations of the Brumer and Brumer-Stark conjectures and of the so-called strong 
Brumer-Stark property. (Independently, Burns |Burll] formulated non-abelian versions 
of the Brumer and Brumer-Stark conjectures in even greater generality.) The extension 
LjK satisfies the strong Brumer-Stark property if certain Stickelberger elements are con¬ 
tained in the (non-commutative) Fitting invariants of corresponding ray class groups. It 
is important to note that this property does not hold in general, even in the case that G 
is abelian, as follows from results of Greither and Kurihara |GK08j . If this property does 
hold, however, it also implies the validity of the (non-abelian) Brumer and Brumer-Stark 
conjectures. The main result of this article is that for an odd prime p, the relevant case 
of the equivariant Iwasawa main conjecture (EIMG) for totally real fields implies the p- 
primary part of a dual version of the strong Brumer-Stark property under the hypotheses 
that S contains all the p-adic places of K and that a certain identity between complex 

Date: Version of 8th June 2016. 

2010 Mathematics Subject Classification. 11R23, 11R42. 

Key words and phrases. Iwasawa main conjecture, Brumer’s conjecture, Stark’s conjectures, equivari¬ 
ant L-values, class groups, annihilation. 


1 















2 


HENRI JOHNSTON AND ANDREAS NICKEL 


and p-adic Artin L-functions at s = 0 holds. This identity is conjectnrally always trne 
and, in particnlar, is satisfied when G is monomial (i.e. every complex irredncible char¬ 
acter of G is indnced from a one-dimensional character of a snbgronp); moreover, every 
metabelian or snpersolnble finite gronp is monomial. 

When the relevant classical Iwasawa /i-invariant vanishes, the above resnlt on the dnal 
version of the strong Brnmer-Stark property has been already established by the second 
named anthor |Nicl3] : this resnlt was in tnrn a non-abelian generalisation of work of 
Greither and Popescn |GP15] . (A weaker version of the resnlt of |GP15] specialised to 
the setting of Brnmer’s conjectnre was previonsly shown by Ngnyen Qnang Do NQD05| .) 
The main reason for the assnmption of the vanishing of the /i-invariant in |GP15i INicl3] 
is, of conrse, to ensnre the validity of the EIMG. However, both articles nse a version of 
the EIMG involving the Tate modnle of a certain Iwasawa-theoretic abstract 1-motive, 
which reqnires the vanishing of /i even for its formnlation. This formnlation is inspired by 
Deligne’s theory of 1-motives |Del74j and previous work of Greither and Popescn |GP12] 
on the Galois module structure of p-adic realisations of Picard 1-motives. Our new ap¬ 
proach is different to, though partly inspired by, the approaches in |GP151 INicl3] . More 
precisely, we reinterpret certain well-known exact sequences involving ray class groups 
in terms of etale and fiat cohomology. Taking direct limits along the cyclotomic Zp- 
extension of L, this allows us to establish a concrete link between the canonical complex 
occurring in the EIMG and certain ray class groups. The theory of non-commutative 
Fitting invariants then plays a crucial role in the Iwasawa co-descent. 


This article is organised as follows. In ^we review some algebraic background material. 
In particular, we discuss non-commutative Fitting invariants, which were introduced by 
the second named author in |Nicin] and were further developed by both the present 
authors in |,IN13] . In ^we recall the statements of the non-abelian Brumer and Brnmer- 
Stark conjectures and show that a dual version of the strong Brnmer-Stark property 
implies both of these conjectures. Then in ^ we recall a reformulation of the EIMG 
introduced in |JNj . The material presented up until this point then allows us to state the 
main theorem of this article (discussed above) in ^ The next three sections are then 
devoted to the proof of this result. First we present further auxiliary results on Iwasawa 
algebras and the EIMG in ^ We then complete the proof in ^ and ^ by working with 
complexes at the finite and infinite levels, respectively. In ^we recall the notion of hybrid 
»-adic erouD ring's introduced in |JN16] . This notion was further develoned in BNI where 
it played a key role in obtaining the first unconditional proofs of the EIMG in cases where 


the vanishing of the relevant /i-invariant is not known. Finally, in IIT we combine these 
results on the EIMG with the main result of this article to give unconditional proofs of 
the non-abelian Brumer and Brnmer-Stark conjectures in many new cases. 


Acknowledgements. It is a pleasure to thank Lennart Gehrmann, Gornelius Greither, 
Andreas hanger, Gristian Popescn, Jurgen Ritter, A1 Weiss and Malte Witte for help¬ 
ful discussions and correspondence. The second named author acknowledges financial 
support provided by the DEG within the Gollaborative Research Genter 701 ‘Spectral 
Structures and Topological Methods in Mathematics’. 

Notation and conventions. All rings are assumed to have an identity element and all 
modules are assumed to be left modules unless otherwise stated. We fix the following 
notation: 
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CiR) 

Ann7^(M) 

Mmxn{R) 

Cn 

Koo 

I^K 

c\k 

K+ 

X 


the group of units of a ring R 

the centre of a ring R 

the annihilator of the /2-module M 

the set of all m x n matrices with entries in a ring R 

a primitive nth root of unity 

the cyclotomic Zp-extension of the number held K 
the roots of unity of a held K 
the class group of a number held K 
an algebraic closure of a held K 

the maximal totally real subheld of a held K embeddable into C 
the set of F-irreducible characters of the (pro)-hnite group G 
(with open kernel) where F is a held of characteristic 0 
the character contragredient to x 


2. Algebraic Preliminaries 

2.1. Algebraic A-theory. Let i? be a noetherian integral domain with held of fractions 
E. Let A be a hnite-dimensional semisimple F-algebra and let 21 be an i?-order in A. 
Let PMod(2t) denote the category of hnitely generated projective (left) 2t-modules. We 
write Ao(2t) for the Grothendieck group of PMod(2t) (see |CR87t §38]) and Ai(2t) for 
the Whitehead group (see |CR,87( §40]). Let Ao(2l, A) denote the relative algebraic K- 
group associated to the ring homomorphism 21 A. We recall that Ao(2t, A) is an 
abelian group with generators [X,g,Y] where X and Y are hnitely generated projective 
21-modules and g : E X ^ E Y is an isomorphism of A-modules; for a full 
description in terms of generators and relations, we refer the reader to |Swa681 p. 215]. 
Moreover, there is a long exact sequence of relative A-theory (see |Swa68l Chapter 15]) 

(2.1) Ai(2t) Ai(A) A Ao(2t, A) -4 Ao(2t) Ao(A). 

The reduced norm map nr = nr^ : A —>■ C(^) is dehned componentwise on the Wedder- 
burn decomposition of A and extends to matrix rings over A (see |CR,8H §7D]); thus it 
induces a map Ai(A) —)■ (C(A)^, which we also denote by nr. 

Let C^(PMod(2t)) be the category of bounded complexes of hnitely generated projective 
2t-modules. Then Ao(2t, A) identihes with the Grothendieck group whose generators are 
[G*], where G* is an object of the category C(’Q,.(PMod(2t)) of bounded complexes of 
hnitely generated projective 2t-modules whose cohomology modules are A-torsion, and 
the relations are as follows: [G*] = 0 if G* is acyclic, and [G*] = [G[] -|- [G*] for every 
short exact sequence 


( 2 . 2 ) 


g: 


G- 


g; 


in C(>,,(PMod(2t)) 


(see jWeil3( Chapter 2] or |Sujl3| , §2], for example). 


Let 7^(21) be the derived category of 2t-modules. A complex of 21-modules is said to 
be perfect if it is isomorphic in 1^(21) to an element of C^(PMod(2l)). We denote the 
full triangulated subcategory of 7^(21) comprising perfect complexes by 7)P'^''^(2t), and the 
full triangulated subcategory comprising perfect complexes whose cohomology modules 
are A-torsion by Then any object of dehnes an element in Ao(2t, A). 

In particular, a hnitely generated A-torsion 2t-module M of hnite projective dimension 
considered as a complex concentrated in degree 0 dehnes an element [M] G Ao(2t, A). 
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2.2. Denominator ideals. Let i? be a noetherian integrally closed domain with field of 
fractions E. Let A be a finite-dimensional separable i?-algebra and let 21 be an i?-order 
in A. We choose a maximal i?-order such that 21 C Off C A. Following |JN13l §3.6], 
for every matrix H G Mbxfe(2l) there is a generalised adjoint matrix H* G such 

that H*H = HH* = nr(iL) ■ (note that the conventions in |JN13l §3.6] slightly differ 
from those in |Nicin] ). If G Mbxb(2t) is a second matrix, then (HH)* = H*H* . We 
define 


•H(2l) := {x G C(2l) I xH* G M„xn(2l) G M„xn(2l) Vn G N}, 
X(2l) := (nr(i/) | H G M„xn(2t), n G N)c( 2 i). 

One can show that these are /^-lattices satisfying 


(2.3) 7/(21) • X(2l) = 7/(21) C C(2t) C X(2l) C ((Off). 

Hence 7/(21) is an ideal in the commutative //-order X(2t). We will refer to 7/(21) as the 
denominator ideal of the //-order 21. If p is a prime and G is a finite group, we set 


X(G) := X(Z[G]), Xp(G) := X(Zp[G]), 
7/(G) := 7/(Z[G]), 7/p(G) := 7/(Zp[G]). 


The first claim of the following result is a special case of |,TN13( Proposition 4.4]. The 
second claim then follows easily from (2.3). 


Proposition 2.1. Let p be prime and G be a finite group. Then 'Hp{G) = ({Zp[G]) if 
and only if p does not divide the order of the commutator subgroup of G. Moreover, in 
this case we have Tp{G) = (C(Zp[G]). 


The importance of the C(2t)-module 7/(21) comes from its relation to non-commutative 
Fitting invariants, which we introduce now. 


2.3. Non-commutative Fitting invariants. For further details on the following ma¬ 
terial we refer the reader to |Nicin] and |,TN13j . Let H be a finite-dimensional separable 
algebra over a field E and 21 be an //-order in A, where R is an integrally closed complete 
commutative noetherian local domain with field of fractions E. For example, if p is a 
prime we can take 21 to be a p-adic group ring Zp[G] where G is a finite group or to be a 
completed group algebra Zp|^] where ^ is a one-dimensional p-adic Lie group. 

Let N and M be two ((’(2l)-submodules of an //-torsionfree ((’(2l)-module. Then N and 
M are called ni{fA)-eguivalent if there exists a positive integer n and a matrix U G GL„(2l) 
such that N = nr(t/) ■ M. We denote the corresponding equivalence class by [iV]nr(2i)- We 
say that N is nr(2t)-contained in M (and write [N] nr(2l) C [M]nr(21)) if for all N' G [N]^rm 
there exists M' G [M]nr( 2 t) such that N' C M'. Note that it suffices to check this property 
for one Nq G [iV]nr( 2 i)- We will say that x is contained in [iV]nr(a) (and write x G [iV]nr( 2 i)) 
if there is iVo G [iV]nr(2t) such that x & Nq. 

Now let M be a (left) 2t-module with finite presentation 

(2.4) 21“ 21^’ — >M —^ 0. 

We identify the homomorphism h with the corresponding matrix in M(jxb(2t) and define 
S{h) = Sb{h) to be the set of all 6 x 6 submatrices of h if a > 6. In the case a = b we call 
(0 a guadratic presentation. The Fitting invariant of h over 21 is defined to be 

_ j [0lnr(2I) if “ < 

if «>i>. 
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We call Fitt 2 i(/i) a Fitting invariant of M over 21. One defines Fitt^®'^(M) to be the 
unique Fitting invariant of M over 2t which is maximal among all Fitting invariants of 
M with respect to the partial order “C”. If M admits a quadratic presentation h, we set 

(2.5) Fitt2t(M) := Fitt2t(h), 

which can be shown to be independent of t he ch osen quadratic presentation. 

Now let C* E and recall from ^2.l| that C* dehnes an element [C*] in the 

relative algebraic iF-group iFo(2t, A). Recall the long exact sequence of iF-theory (2.1). 
If p([0*]) = 0, we choose x G Ki{A) such that d{x) = [O*] and dehne 

(2-6) Fitt2i(C'*) := [(nr(a:))^(a)]^^(2i)- 

Note that this is well-dehned by the exactness of ( |2.1[ ). Let C* G P[’o7^(2t) such that 
p{[C*]) = 0 for i = 1, 2, 3. Then if [O*] = [O*] + [O*] in iFo(2t, A) (this is the case in the 
situation of (2.2), for example) it is straightforward to show that 

(2.7) Fitt2t(C'2) = Fitta(C'’) ■ Fitta(C'3). 

To put this in context, we note that if C* is isomorphic in 1^(21) to a complex P~^ -E 
concentrated in degree —1 and 0 such that P~^ and P^ are both hnitely generated R- 
torsion 2t-modules of projective dimension at most 1, then 

(2.8) Fitt2t(C'*) = Fitt2t(P° : P-^), 

where the righthand side denotes the relative Fitting invariant of |NiclO( Dehnition 3.6]. 

Remark 2.2. Let M be a hnitely generated P-torsion 2t-module of projective dimension 
at most 1. Then it is straightforward to show that M admits a quadratic presentation if 
and only if p{[M]) = 0 (see |Nicl0t p. 2764]). 

Remark 2.3. Let M be a hnitely generated P-torsion 2t-module of projective dimension 
at most 1 and assume that M admits a quadratic presentation. Then one can consider 
M as a complex concentrated in degree 0 dehning an element of P^oj^^(2t), and one can 
show that the dehnitions of Fitta(M) given by (2.5) and (2.6) coincide in this situation. 

Non-commutative Fitting invariants provide a powerful tool for computing annihilators; 
for the following result see |,IN131 Theorem 3.3] or |Nicini Theorem 4.2]. 

Theorem 2.4. If M is a finitely presented Ql-module, then 

P(2t) • Fitt^“(M) C 

We list some properties of non-commutative Fitting invariants which we will use later. 


Lemma 2.5. Let M and M' he finitely presented ^-modules and let e E A be a central 
idempotent. Then the following statements hold. 

(i) If M ^ M' is a surjection then Fitt^'^'‘(M) C Fitt^®''^(M'). 

(ii) If M and M' admit quadratic presentations then so does M © M' and we have 
an equality Fitt 2 i(M) ■ Fitt 2 t(M') = Fitt 2 t(M © M'). 

(hi) We have an inclusion eFitt^’“(M) C ©st M) with equality if e eQI. 

Proof. For (i) see |JN131 Theorem 3.1 (i)]. Part (ii) is a special case of |JN131 Theorem 
3.1 (hi)]. The hrst claim of part (hi) is |JN131 Theorem 3.1 (vi)], and the second claim 
follows easily from the dehnition of Fitting invariants and the decomposition 21 = 2te © 
21(1-e). □ 
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Lemma 2.6. Let A and B be finitely generated R-torsion %-modules of projective dimen¬ 
sion at most 1 and with quadratic presentations. Let A ^ B be a complex concentrated 
in degrees —1 and 0. Then recalling Remark 2A we have 

Fitt2i(i? : ^4) = Fitt2i(y4 B) = Fitt^^(y4) ■ Fitt2i(i?). 


Proof. The first equality follows from (2.8). We consider A and B as complexes concen¬ 
trated in degree 0. Then we have a short exact sequence of complexes 

0 —>B -^{A^B) —^ /l[l] —^ 0, 


where A[l] is concentrated in degree —1. Hence by (2.2) we have 

[A^B] = [B] + [A[1]] = [B]-[A], 


in Ko{Ql, A) and so the desired result now follows from (2.7). 


□ 


3. The non-abelian Brumer-Stark conjecture 

3.1. Ray class groups. Let L/K be a hnite Galois extension of number helds with 
Galois group G. For each place u of iF we £x a place w oi L above v and write Gw and Iw 
for the decomposition group and inertia subgroup oi L/K at w, respectively. When w is 
a hnite place, we choose a lift fw G Gw of the Frobenius automorphism at w; moreover, 
we write for the associated prime ideal in L and ord^ for the associated valuation. 

For any set S of places of K, we write S{L) for the set of places of L which lie above 
those in S. Now let S' be a hnite set of places of K containing the set S^c = Soc{K) of 
archimedean places and let T be a second hnite set of places of K such that S fl T = 0. 
We write cl^ for the ray class group of L associated to the ray DJlf := nj«eT(L)^«' 

Ol,s for the ring of S'(L)-integers in L. Let Ol ■= bo fbe ring of integers in L. 

Let Sf he the set of all hnite primes in S'; then there is a natural map 'ZSf{L) —)■ cl^ 
which sends each place w G Sf{L) to the corresponding class G cl^. We denote 
the cokernel of this map by cl^^^. Moreover, we denote the S'(L)-units of L by Ei^s 
and dehne Ef^ g := {a: G El^s '■ x = 1 mod All these modules are equipped with a 

natural G-action and we have the following exact sequences of Z[G]-modules. If E is a 
subset of S' containing S'oo, then we have 

(3.1) 0 ^ El^ Els ^ nSiL) - E(L)] ^ cll,^ ^ 0, 

where vl{x) := Y.w&s{l)-j:{l) ord^(a;)M; for every x G Ef g, and 

(3.2) 0 ^ Els El,s {Ol,s/^IT ^ ^ 0, 

where the map z/ lifts an element x G to x G Ol^s and sends it to the ideal 

class [(x)] G cl ^_5 of the principal ideal (x). 

3.2. Equivariant Artin L-values. Let S' be a hnite set of places of K containing S'oo- 
Let Irrc(G) denote the set of complex irreducible characters of G. For y G Irrc(G), we 
write Ls{s,x) for the S-truncated Artin L-function attached to y and S (see |Tat841 
Ghapter 0, §4]). Recall that there is a canonical isomorphism (C(C[G]) ~ nxeirrc(G) 
We dehne the equivariant S-truncated Artin L-function to be the meromorphic (C(C[G])- 
valued function 


Ls{s) := {Ls{s,x))xeirvciG)- 
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For X G Irrc(G), let be a left C[G]-module with character x- If T is a second hnite 
set of places of K such that S' fl T = 0, we dehne 

St{s, x) = n I and (5 t(s) := ((5r(s, x))xeirrc(G)- 

v&T 

We set 

0s,t(s) := 5t(s) ■ Ls { sy , 

where ^ : C[G'] —)■ C[G'] denotes the anti-involution induced by h-)■ for G G. 

Note that Ls{sY = {Ls{s,x))x&rrciG) where x denotes the character contragredient to 
X- The functions Qs,t{s) are the so-called (S', T)-niodi£ed G-equivariant L-functions and 
we define Stickelberger elements 

9j(L/A')=9i:= es,T(0)eC(Q[Gl). 

Note that a priori we only have 9g G (C(C[G]), but by a result of Siegel |Sie70j we know 
that 9g in fact belongs to (C(Q[G]). If T is empty, we abbreviate 9'g to 9s- 

Let p be a prime and let i : Cp —)■ C be a held isomorphism. Then the image of 9^ 
under the canonical maps 


(3.3) 


C(Q|G|) C(QJG|) C(C,[G]) - ,afv 


is given by {l ^(5^(0, l o x)Ls{ 0-, i o x)))^girrc (g) and this is independent of the choice of 


i. We shall henceforth consider 9's as an element of 


convenient. Moreover, we shall often drop l and l 


-1 


;p[G]) or (C(Cp[G]) via (3.3) when 
from the notation. 


3.3. Reduction to CM-extensions. Let x ^ Irrc(G). The order of vanishing formula 
for Ls{s,x) at s = 0 (see |Tat841 Chapter I, Proposition 3.4]) shows that if either x is 
non-trivial and S' contains an (inhnite) place v such that 7 ^ 0 or x is trivial and 
[S'! > 1 then the X”Part of 9's vanishes. Hence if 9's is non-trivial, precisely one of the 
following possibilities occurs: (i) K is totally real and L is totally complex, (ii) K is 
an imaginary quadratic held, L/K is unramihed and S' = S'oo or (iii) L = K = Q and 
S' = S'oo- In case (iii), the Brumer-Stark conjecture is trivial. For case (ii), see |GP151 
Remark 6.3] for G abelian; the situation in which G is non-abelian will be considered in 
forthcoming work of Jiro Nomura. Finally, case (i) can often be reduced to the case that 
L is a CM-held (see |GP151 Proposition 6.4] for G abelian; the same argument works 
for general G under the assumptions of |Nicl Proposition 4.1] with r = 0). Therefore, 
we shall henceforth assume that LjK is a CM-extension, that is, L is a CM-held, K is 
totally real and complex conjugation induces a unique automorphism j of L lying in the 
centre of G. 


3.4. The non-abelian Brumer and Brumer-Stark conjectures. Assume that LjK 
is a CM-extension and let Fram = *S'ram(T/iF) be the set of all places of K that ramify in 
LIK. 

Hypothesis. Let S and T be hnite sets of places of K. We say that Hyp(S', T) is satisfied 
if (i) Rram U S'oo ^ S', (ii) S' fl T = 0, and (iii) E'ls is torsionfree. 

Remark 3.1. Condition (iii) means that there are no roots of unity of L congruent to 1 
modulo all primes in T{L). In particular, this will be satished if T contains primes of 
two diherent residue characteristics or at least one prime of sufficiently large norm. 
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We choose a maximal order such that Z[G] C C Q[G]. For a hxed choice 

of S we dehne Stg to be the C(Z[G])-submodule of generated by the elements 

5t( 0), where T runs through the hnite sets of places of K such that Hyp(S'US'ramUS'oo, T) 
is satished. The following conjecture was formulated in |Nicllaj and is a non-abelian 
generalisation of Brumer’s conjecture. 

Conjecture 3.2 {B{L/K,S)). Let S be a finite set of places of K containing FramUFoo- 
Then C X{G) and for each x G 'H(G) we have 

X ■ '^sOs ^ Annz[G](clL). 

Remark 3.3. If G is abelian, |Tat84i Lemma 1.1, p. 82] implies that = Annz[G](AiL)- 
In this case the results in |Bar781 ICNT^ IDR^ each imply that ^ X(G) = Z[G] 

and, since 'H(G) = Z[G] in this case. Conjecture 3.2 recovers Brumer’s conjecture. 


Remark 3.4. If M is a hnitely generated Z-module and p is a prime, we dehne its p-part to 
be M(p) := Zp®z Af. Replacing the class group cR by cR(p) for each prime p. Conjecture 
B{L/K, S) naturally decomposes into local conjectures B{L/K, S,p). It is then possible 
to replace 'H(G) by 'Hp(G) by [Nicllal Lemma 1.4]. Moreover, if p does not divide the 
order of the commutator subgroup of G then TLpiJG) = Xp{G) = C(Zp[G]) by Proposition 


2.1 and so after the hypotheses on S the statement of the local conjecture simplihes to 


^sOs R Ann(;;(z^[G])(cR(p)). 


Remark 3.5. Burns |Burll] has also formulated a conjecture which generalises many 
rehned Stark conjectures to the non-abelian situation. In particular, it implies Conjecture 
3^ (see |Burlll Proposition 3.5.1]). 


For a E we dehne 

Sa ■= {u hnite place of K \ ord^(A’j^/i^(a)) >0}. 

We call a an anti-unit if = 1. Let ul '■= nr(|pi|). The following is a non-abelian 
generalisation of the Brumer-Stark conjecture ( |Nicllal Conjecture 2.7]). 

Conjecture 3.6 {BS{L/K, S)). Let S be a finite set of places of K containing S'ramUS'oo- 
Then ujl ■ Os E X{G) and for each x E 'H(G) and each fractional ideal a of L, there is an 
anti-unit a = a{x, a, S) E L^ such that 

and for each finite set T of primes of K such that Hyp(S' U Aq,, T) is satisfied there is an 
ut E Efi such that 


(3.4) 

for each z E 'H{G). 


a 


z-St{0) _ 


Remark 3.7. If G is abelian, we have X{G) = 'H(G) = Z[G] and ool = l/i^l. Hence it 
suffices to treat the case x = z = 1 in this situation. Then |Tat84[ Proposition 1.2, 
p. 83] states that condition (3.4) on the anti-unit a is equivalent to the assertion that the 


extension /K is abelian. 


Remark 3.8. As in Remark 3.4, we obtain local conjectures BS{L/K, S,p) for each prime 


p. Again, these local conjectures simplify to a version without denominator ideals in the 
case the p does not divide the order of the commutator subgroup of G. 
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3.5. A criterion involving Pontryagin dnals and Fitting invariants. For an ab¬ 
stract abelian group A we write A'^ for Honi(A,Q/Z). This induces an equivalence 
between the categories of abelian prohnite groups and discrete abelian torsion groups 
(see |NSW08l Theorem 1.1.11] and the discussion thereafter). For a hnitely generated 
Zp[G]-module M, we have = Homgp(M, Qp/Zp), and this is endowed with the con- 
tragredient G-action {gf){m) = f{g~^m) for / G M'^, g E G and m G M. 

For a G-module M we write and M~ for the submodules of M upon which j acts 
as 1 and —1, respectively. In particular, we shall be interested in (cl^_ 5 (p))“ for odd 
primes p; we will abbreviate this module to when p is clear from context. Note that 
K ^ is a hnite module over the ring Zp[G]_ := Zp[G]/(l -|-j). We shall need the following 
variant of [Nicllal Proposition 3.9]. 


Proposition 3.9. Let S be a finite set of places of K containing S'ram U Soo and let p be 
an odd prime. Suppose that for every finite set T of places of K such that Hyp(S', T) is 
satisfied we have 


(3.5) (»l)'eFittJJc|_((A 

Then both BS{L/K, S,p) and B{L/K, S,p) are true. 


ir) 


Remark 3.10. The containment (3.5) may be considered as a ‘dual version’ of the so- 
called strong Brumer-Stark property, which is fulhlled if 9g G Fitt™')^] JM) (see |Niclla[ 
Dehnition 3.6]). 


Proof of Proposition 3^. This has already been shown within the proof of jNicl3l Corol¬ 
lary 4.6], but we repeat the argument here for the convenience of the reader. Since 
BS{L/K, S,p) implies B{L/K,S,p) by |Niclla[ Lemma 2.12], we need only treat the 
case of the Brumer-Stark conjecture. Moreover, |Niclla[ Proposition 3.9] says that 
BS{L/K,S,p) is implied by the strong Brumer-Stark property. However, the proof 
of |Nicllal Proposition 3.9] carries over unchanged once we observe that 


AnnZp[G]_(M) 

for every hnite Zp[G] .-module M. 


■ AnnZp[G]_(M^)“ 


□ 


4. The equivariant Iwasawa main conjecture 

4.1. Certain one-dimensional p-adic Lie extensions. Let p be an odd prime and let 
A be a number held. Let £/A be a Galois extension such that C contains the cyclotomic 
Zp-extension K^o of K and [C : Ago] is hnite. Then the Galois group Q := Gal(G/A) 
is a one-dimensional p-adic Lie group. Let H = Gal(£/Aoo) and let F^ = Gal(Aoo/A). 
Let 7 i^ be a topological generator of F^ — Zp. The argument given in |RWn4l §1] shows 
there exists a lift E Q oi '^k that induces a splitting of the short exact sequence 

Thus we obtain a semidirect product ^ = A xi F where F ~ Zp is the pro-cyclic subgroup 
of g topologically generated by 7 . Since any homomorphism F —)■ Ant (A) must have 
open kernel, we may choose a natural number n such that 7 ^" is central in g. We hx 
such an n and set Fq := F^"; hence Fq — Zp is contained in the centre of g. 




















10 


HENRI JOHNSTON AND ANDREAS NICKEL 


4.2. The Iwasawa algebra as an order. The Iwasawa algebra of Q is 

A{g) ■.= Zpigj = \^Zp[g/Ar], 

where the inverse limit is taken over all open normal subgroups A/ of g. If F is a hnite 
held extension of Qp with ring of integers O = Op, we put A^{g) := 0®i^K{g) = C>|^]. 
There is a ring isomorphism R := OITq] — 0\T\ induced by 7 ^" h-)■ 1 + T where 0\T\ 
denotes the power series ring in one variable over O. If we view A^{g) as an i?-module 
(or indeed as a left i?[if]-module), there is a decomposition 

p"-i 

( 4 . 1 ) h°(g) = 0 

i=0 

Hence A.^{g) is hnitely generated as an i?-module and is an i?-order in the separable 
E := Quot{R)-sXge\)ia. Q^(g), the total ring of fractions of obtained from A^(g) 

by adjoining inverses of all central regular elements. Note that Q^{g) = E ®RA^{g) 
and that by |HWn4l Lemma 1] we have Q^{g) = E Q(^), where Q{g) := Q^^{g). 

4.3. An exact sequence of algebraic A-groups. Specialising (|2.1|) to the situation 
A = Q(g) and 21 = A(^) and applying |Witl3[ Corollary 3.8] (see |JNl §4.1] for further 
explanation) we obtain the exact sequence 

(4.2) ^i(A(^)) ^ ^ ^o(A(g), Q(g)) ^ 0. 


Remark 4.1. If M is a hnitely generated i?-torsion A(^)-module of projective dimension 
at most 1, then combining the triviality of p in ( 4.2[ ) with Remark 2.2 shows that M 
admits a quadratic presentation. 


4.4. Characters and central primitive idempotents. Fix a character 7 G IrrQc(^) 
(i.e. an irreducible Q^-valued character of g with open kernel) and let 7 be an irreducible 
constituent of res^v. Then g acts on p as p^(h) = p(q~^hq) for q E g, h E H, and 
following |RWn41 §2] we set 

St{p) := {g E g : = p}, 0(7) ^ ^ 7(h-^)h, := $^6(7). 

h-GH 

By |RW04l Corollary to Proposition 6 ] is a primitive central idempotent of Q^{g) : = 
Qp Q{Q)- Ih fact, every primitive central idempotent of Q'^{g) is of this form and 
= e^/ if and only if x = x' ® P for some character p of ^ of type W (i.e. res^p = 1). 
Let Uy. = [g : St{p)] and note that this is a power of p since A is a subgroup of St{p). 

Let E/Qp be a hnite extension over which both characters y and p have realisations. 
Let denote a realisation of y over E. By |RWn4( Propositions 5 and 6 ], there exists 
a unique element 7 ^ E such that 7 ^ acts trivially on and with 

gx ^ Q mapping to 7 ^^ mod H and with E (F[A]e^)^. Moreover, 7 ^ generates a pro- 
cyclic p-subgroup P^ of {g)e-^ and induces an isomorphism Q^(P^) —^ CiQ^iG)^x)- 

4.5. Determinants and reduced norms. Following |RW04[ Proposition 6 ], we dehne 
a map 

Jx : CiQ^m - aQ^iG)ex) ^ Qyx) ^ 2^(rA), 
where the last arrow is induced by mapping to 7 )^^. It follows from op. cit. that jx is 
independent of the choice of xk and that for every matrix 0 E Mnxn{Q{G)) we have 

(4.3) Jx(nr(0)) = detQF(r^)(0 | HomF[/^](R^, Q^ig)^)). 
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Here, 0 acts on / G via right multiplication, and 7 ic acts on the 

left via ( 7 ic/)(T) = 7 ■ f{'y~^v) for all t G which is easily seen to be independent of 
the choice of 7. Hence the map 

Det( )(x) : i^i(Q(^)) ^ Q^iTKr 

[P, a] ^ detQF(r^)(a | B.omF[H]{V^, F P)), 

where P is a projective Q(^)-module and a a Q(^)-automorphism of P, is just o nr 
(see |RWn41 §3, p. 558]). If p is a character of Q of type W (i.e. res^p = 1) then 
we denote by p^ the automorphism of the held Q^{Tk) induced by p**( 7 a') = p{ik)'1k- 
Moreover, we denote the additive group generated by all Q^-valued characters of Q with 
open kernel by Rp{G); hnally, Hom*(Pp(^), Q^{Tk)^) is the group of all homomorphisms 
/ : RpiQ) -t satisfying 

fix < 8 ) p) = p**(/(x)) for all characters p of type W and 

f^x) = (^ifix)) for all Galois automorphisms a G Gal(Qp/Qp). 

By |RW04[ Proof of Theorem 8 ] we have an isomorphism 


aQiQ)r ^ Hom*(P,(^),Q'^(rx)x) 
X ^ [x^Jxi^)]- 


By |RWn4( Theorem 8 ] the map 0 h->■ [x 1 —>■ Det(0)(x)] dehnes a homomorphism 


Det : K^iQiG)) Rom^iRpiG), 


such that we obtain a commutative triangle 


(4.4) 


KiiQiG)) 



aQiG)r ---Hom*(P,(^),Q=(r^)x). 


4.6. The p-adic cyclotomic character and its projections. Let Xcyc be the p-adic 
cyclotomic character 

Xeyc : Gal(£(Cp)/P) ^ z;, 

dehned by a(() = for any a G Gal(P(Cp)/P) and any p-power root of unity (. 

Let uj and k denote the composition of Xcyc with the projections onto the hrst and second 
factors of the canonical decomposition = fip_i x (1 +pZp), respectively; thus oj is the 
Teichmiiller character. We note that k factors through Tk (and thus also through Q) and 
by abuse of notation we also use k to denote the associated maps with these domains. 
We put u := ^( 7 ^). For r G No divisible by p — 1 (or more generally divisible by the 
degree [/l(Cp) : /!]), up to the natural inclusion map of codomains, we have Xcyc — ■ 

4.7. Admissible one-dimensional p-adic Lie extensions. We henceforth assume 
that C/K is an admissible one-dimensional p-adic Lie extension. In other words, in 
addition to the existing assumptions that p is an odd prime, A is a number held, C/K is 
a Galois extension of K such that C contains the cyclotomic Zp-extension Kao of K and 
[C : Kao] is hnite, we now further assume that C is totally real. Glearly, this forces K to 
be totally real, which had not been assumed previously. 










12 


HENRI JOHNSTON AND ANDREAS NICKEL 


4.8. Power series and p-adic Artin L-functions. Fix a character x ^ IrrQc(^). Each 
topological generator xk of F;^ permits the dehnition of a power series G^^siT) G Qp®Qp 
Quot{'Lp\TY) by starting out from the Deligne-Ribet power series for one-dimensional 
characters of open subgroups of Q (see jDR SO] : also see |Bar78[[CN79] ) and then extending 
to the general case by using Brauer induction (see |Gre83] ). One then has an equality 


^P,s(l -s,x) 


Gx,siu'' - 1 ) 
- 1 ) ’ 


where Lp^s{s,x) denotes the ‘R-truncated p-adic Artin L-function’ attached to y con¬ 
structed by Greenberg |Gre83] . and where, for irreducible x, one has 


H,(T} 


x(7a-)( 1 + T) - 1 if F C ker x 

1 otherwise. 


Now |RWn4( Proposition 11] implies that 


Lk,s ■ X 


GxMfK - 1 ) 
HxhK - 1 ) 


is independent of the topological generator xk and lies in Hom*(i?p(^), Q'^(Fi^)^ 

agram (4.4) implies that there is a unique element $5 = ^s{.G/K) G 

that 


Di- 

such 


for every y G IrrQc(^). 


= Lk,s{x) 


4.9. The /i = 0 hypothesis. Let Soo be the set of archimedean places of K and let Sp 
be the set of places of K above p. Let S'ram = Sra.m{G/K) be the (hnite) set of places of K 
that ramify in C/K] note that Sp C S'ram- Let S' be a hnite set of places of K containing 
“S'ram US'oo- Let M|’’(p) be the maximal abelian pro-p-extension of £ unramihed outside S 
and let Xs = Gal(M|;''’(p)/£). As usual Q acts on Xs hy g ■ x = gxg~^, where g E Q, and 
g is any lift of g to Gal(M|’’(p)/A). This action extends to a left action of A(^) on Xs- 
Since C is totally real, a result of Iwasawa |Iwa73j shows that Xs is hnitely generated 
and torsion as a A(Fo)-module. 

Definition 4.2. We say that C/K satishes the p = 0 hypothesis if Xs is hnitely generated 
as a Zp-module. 

The p = 0 hypothesis is conjecturally always true and is known to hold when £/Q is 
abelian as follows from work of Ferrero and Washington |FW79] . For the relation to the 
classical Iwasawa p = 0 conjecture see CNl Remark 4.3], for instance. In the sequel, we 
shall not assume the p = 0 hypothesis for CjK except where explicitly stated. 


4.10. A canonical complex. Let Oc^s denote the ring of integers Oc in C localised at 
all primes above those in S. There is a canonical complex 

Cl{C/K) := RHom(RF,t(Spec((P£,s),Qp/Zp),Qp/Zp), 

where Qp/Zp denotes the constant sheaf of the abelian group Qp/Zp on the etale site of 
Spec(C)£, 5 ). The cohomology groups are 

[ Xs if i = -l 

W{C*siC/K)) ~ Zp if ? = 0 

I 0 if ? ^ - 1 , 0 . 
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It follows from |FK061 Proposition 1.6.5] that C*{C/K) belongs to In par¬ 

ticular, Cg{C/K) defines a class [Cg{C/K)] in Ko{A{Q), Q{0)). Note that Cg{C/K) and 
the complex used by Ritter and Weiss (as constructed in |RW04j i become isomorphic 
in V{A{Q)) by jNicl31 Theorem 2.4] (see also jVenldj for more on this topic). Hence it 
makes no essential difference which of these complexes we use. 

4.11. A reformulation of the equivariant Iwasawa main conjecture (EIMC). 

We can now state a slight reformulation of the EIMC given in |JNj . The relation of this 
version to the framework |CFK'*~n5] (as used in |Kakl3j ) will be discussed in 


).2 


Recall 

that p is an odd prime and £/iC is an admissible one-dimensional p-adic Lie extension. 

Conjecture 4.3 (EIMC). There exists (s ^ Ki{Q{Q)) such that d{(s) = ~[C'*(>C/A)] 
and nr((C 5 ) = $ 5 . 

It is also conjectured that (s is unique, but we shall not be concerned with this issue 
here. Moreover, it can be shown that the truth of Conjecture |4.3 is independent of the 
choice of S, provided that S is finite and contains 5'ramUS'oo- Crucially, this version of the 
EIMC does not require the p = 0 hypothesis for its formulation. The following theorem 
has been shown independently by Ritter and Weiss |RW11] and Kakde |Kakl3] . 

Theorem 4.4. If C/K satisfies the p = 0 hypothesis then the EIMC holds for C/K. 

By considering the cases in which the /i = 0 hypothesis is known, we obtain the 
following corollary (see |JN1 Corollary 4.6] for further details). 

Corollary 4.5. Let V be a Sylow p-subgroup of Q. If C'^/Q is abelian then the EIMC 
holds for C/K. 

In |,INj . the present authors prove the EIMC in a number of cases where the /i = 0 


hypothesis is not known. In 110, these will be combined with main results of the present 


article (see 15.3) to give unconditional proofs of the non-abelian Brumer-Stark conjecture 
in many new cases. For now, we only note the following result which relies heavily on a 
result of Ritter and Weiss |RW04l Theorem 16]. 

Theorem 4.6 ( |JN1 Theorem 4.12]). If p\ \H\ then the EIMC holds for C/K. 

5. Statement of the main theorem and corollary 

5.1. p-adic Artin L- functions and the interpolation property. Let A be a totally 
real number held and let Gk = Gal(A‘^/A) be its absolute Galois group. Let p be an 
odd prime and let Sp denote the set of places of K above p. Let Soo denote the set of 
archimedean places of K and let S' be a hnite set of places of K such that Sp U S^o 0 S. 

Let X G IrrQc(Gx) and let K^ be the extension of K attached to y; thus y may 
be considered as a character attached to a faithful representation of Gal(A^/A) and 
K^/K is of hnite degree since y has open kernel. Assume that K^ is totally real. Let 
t : Cp —)■ C be a choice of held isomorphism and let Ls{s, toy) denote the S-truncated 
Artin L-function attached to t o y g Irrc(Gal(A^/A)). For r G Z with r > 1 let 
Ls{l — r,x) = t~^{Ls{l — r,L o y)), which is in fact independent of the choice of t 
(compare with the discussion of ] ]3.2 ). If y is one-dimensional then for r > 1 we have 

(5.1) Lp,s(l-r,y) = L 5 ( 1 -r,yn;"^), 

where u : Gal{K{(p)/K)) —> Pp_i C IS is the Teichmiiller character. Using Brauer 


induction, (5.1) can be extended to the case where y is of arbitrary degree provided that 
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r > 2 (see |Gre83[ §4]). However, if x(l) > 1 and r = 1, this argument fails due to the 
potential presence of trivial zeros. Nevertheless, it seems plausible that the identity 


(5.2) 


Lp^siO,x) = Ls{0,X(^ 


holds in general. As both sides are well-behaved with respect to direct sum, inflation 
and induction of characters, one can show that (5.2) does hold when x is a monomial 
character, i.e., a character induced from a one-dimensional character of a subgroup (also 
see the discussion in |Gro81l §2]). From recent work of Burns |Bur[ Theorem 5.2 (i)] it 
follows that the left hand side of (5.2) vanishes whenever the right hand side does. 


5.2. Equivariant p-adic Artin L- values. Let L/K he a hnite Galois GM-extension of 
number helds with Galois group G. Let j G G denote complex conjugation. Let 
be the maximal totally real subheld of L and let G^ = GaX{L^/K) ~ G/{j). Let p be 
an odd prime. Recall that y G Irrc(G) or IrrCj,(G) is said to be even when xU) = x(l)) 
and odd when x(j) = —x(l)- Let S' be a hnite set of places of K such that Sp U Soo ^ S 
and let T be a second set of hnite places of K such that S ft T = 0. In this situation, we 
dehne p-adic Stickelberger elements by 

(^p,5,x)xeIrrcp(G)) 

_ J 0 if X is even 

1 <5r(0, x) ■ Lp, 5 ( 0 , xcu) if x is odd. 


olsiL/K) = els 


^P,s,x 


A hnite group is said to be monomial if each of its (complex) irreducible characters 
is monomial. Note that every hnite metabelian or supersoluble group is monomial by 
|Wei031 §4.4, Theorem 4.8 (1)]). 

Lemma 5.1. If G~^ is monomial then 91^ = e^. 

Proof. Dropping i from the notation (as we may), we recall from 13.2 that 

el = {St{0,X) ■ Ls(0,x))x6lrrcj,(G)- 

Thus for X G IrrCp(G) it suffices to show that ^^(O, x) = 0 when x is even and ^^(O, x) = 
-Lp,5(0, x^) when x is odd. Since x is even if and only if x is even, we may replace x by 
X in the previous sentence. 

If X is the trivial character then |Tat84i Ghapter I, Proposition 3.4] shows that the 
order of vanishing of Ls(s, x) at s = 0 is IRI — 1 > 1, and so ^^(O, x) = 0. If x is even 
and non-trivial the argument given in |Tat841 top of p. 71] again shows that ^^(O, x) = 0. 

Suppose that x is odd and set fj = x^- Then it suffices to show that Lp^5(O,'0) = 
175 ( 0 , Moreover, is even and so may be considered as a character of the monomial 

group G~^. Hence the desired equality now follows from the discussion in 1 5.1 
appropriate substitution of symbols. 


and the 
□ 


5.3. Statement of the main theorem and corollary. We are now in a position to 
state the main results of this article. In IJTOl these will be combined with the authors’ 


previous work on the EIMG |JNj to give unconditional proofs of the non-abelian Brumer- 
Stark conjecture in many new cases. 


Theorem 5.2. Let LjK he a finite Galois CM-extension of number fields with Galois 
group G. Let S and T he two finite sets of places of K satisfying Hyp(5, T). Let p be an 
odd prime and let L(Cp)+ be the cyclotomic Zp-extension of L{(p)~^. Suppose that Sp S 
and that the EIMC holds for L{(p)f^/K. Then 

(5-3) 
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Remark 5.3. When the classical Iwasawa /i-invariant attached to L{(p)c 
orem 


vanishes, The- 


5.2 recovers |Nicl31 Theorem 4.5], which in tnrn is the non-abelian analogue of 


|GP151 Theorem 6.5]. The main reason why some version of the fi = 0 hypothesis is as¬ 
sumed in these results is of course to ensure that the EIMC holds (see also |JN1 Remark 
4.3]). However, both results use a version of the EIMC that requires a /x = 0 hypoth¬ 
esis even for its formulation. For this reason our proof is very different from (though 


partly inspired by) those in |GP151 INicl3j . Note that in |Nicl31 §4] the identity ( |5.2[ ) is 
implicitly assumed to hold. 

Corollary 5.4. Let L/K be a finite Galois CM-extension of number fields. Let p be an 
odd prime and let S be a finite set of places of K such that Sp U Sram{L/K) U Soo ^ S. 
If Gal{L^/K) is monomial and the EIMC holds for L{(p)f^/K then both BS{L/K, S,p) 
and B{L/K,S,p) are true. 


Proof. This is the combination of Proposition 3.9 Lemma 5.1 and Theorem 5.2 


□ 


6. Iwasawa algebras and the main conjecture revisited 

6.1. Cert ain maps between Iwasawa algebras. We assume the setup and notation of 
Fix a character y G IrrQc(^) and let p be an irreducible constituent of res^y. 
be a hnite extension over which both characters y and p have realisations. 


14.1 


14.6 


Let 

Recalling the notation of §4.4| and §4.6| in particular, for r G Z we dehne maps 

: aa^m - aQ^iQ)e^) ^ Q^(rj ^ 

where the last arrow is induced by mapping 7 ^ to Note that (see 14.5). 

Now assume that fp G C. For s G Z let x h-)■ tcyc(^) x 1 —)■ t^(x) be the automor¬ 
phisms on {Q) induced hy g ^ Xlyci9)9 g h -)■ 0J^{g)g for g E Q, respectively. 

Lemma 6.1. Let r,s E Z. Then for every x G we have jyit^ydx)) = jy^s{x). 

Proof. It follows easily from the dehnitions that Wy = Wy^i- We claim that 

( 6 - 1 ) = lx- 

Write = gyuiCy^ with gy^ G G and Cy^ G {F[H]eyi^)^ where gy^ and Cy^ satisfy the 


dehning properties of 7 ^^ as given in 14.4 Put g'^ := gy^ and c'^ := u{gyi^)tf{cyi^). It 
is then easily checked that g'^cf has the dehning properties of 7 ^, and thus ti( 7 xi.j) = 


g' c' = py. This establishes (6.1). Recalling that u = k,{'Pk) we compute 


^cycilx‘^) Xcyc{9x‘^)9x‘^^uji^X‘^) ^ ^ 


□ 


where we have used (6.1) for the last equality. Finally, we have that 
Jx(tcV(7x-0) 

for every r, s G Z as desired. 

6.2. Relation to the framework of |CFK+05j . We now discuss Conjecture |4.3| within 
the framework of the theory of |CFK^05[ §3]. Let p be an odd prime and let C/K be an 
admissible one-dimensional p-adic Lie extension. Let 

Ti-.g^ GL„(C) 

be a continuous homomorphism, where O = Op denotes the ring of integers of F and n 
is some integer greater or equal to 1. There is a ring homomorphism 

(6.2) <l>^ : k{g) -X M„xn(A^(rA)) 
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induced by the continuous group homomorphism 


^ ^ (M„xn(C?)®z,A(r;^))" =GL„(A^(rx)) 

a I—)■ 7r(cr) (g) a, 


where a denotes the image oi a in Q/H = Tk- By |CFK'*~n5[ Lemma 3.3] the homomor¬ 
phism (6.2) extends to a ring homomorphism 

: QiG) ^ 


and this in turn induces a homomorphism 

< : KGQ{G)) ^ K,{M^^4Q^{rK))) = Q^iTKV. 

Let aug : A‘^(rii') O he the augmentation map and put p = ker(aug). Writing 
A‘^(r;^)p for the localisation of A‘^(ri^) at p, it is clear that aug naturally extends to a 
homomorphism aug : A‘^(ri^)p —)■ F. One dehnes an evaluation map 

G-.Q^iVK) ^ FU{oo} 

(6.3) X I aug(x) if a: e A^(ri^)p 

1 oo otherwise. 

It is straightforward to show that for r G Z we have 


now 


(6-4) (j){f^{^s)) = Ap,5(l - A x). 

If ( is an element of Ki{Q{G)), we dehne C(t) to be 0(<h'^(C)). Conjecture [43 
implies that there is an element (s ^ Ki{Q{G)) such that d{(s) = ~[C*(/1/A')] and for 
each r > 1 divisible by p — 1 and every irreducible Artin representation tt^ of G with 
character y we have 


CsiT^x^^"') = 0(jv(4>s)) = Ap,5(l - r, x) = Ls{l - r, x), 


where the hrst equality follows from |Nicllcl Lemma 2.3] (for the last equality see 15.1). 


6.3. Non-commutative Fitting invariants over Iwasawa algebras. Let p be an 

odd prime and let ^ = iL xi L be a one-dimensional p-adic Lie group. Let L' ~ Zp be a 
normal subgroup of G such that L' fl iL = 1. Then L' is open in G and we set G := G /L'. 
Thus every irreducible character x of G may be viewed as an irreducible character of G 
with open kernel. Let A(^) := Zp|^] be the Iwasawa algebra of G- 

Proposition 6.2 ( |Nicin( Theorem 6.4]). Let M be a finitely presented A{G)-module and 
/ef A G Fitt™()?)(M). Then 


Y, <l>UxW)e(x} e FittsyoiHfr.), 

xeIrrQc (G) 


where cj) denotes the evaluation map (6.3) and e(x) := a(1)|C| ^)9 


7. Proof of Theorem 15.21 working at the finite level 


7.1. Etale cohomology. Let L/K be a hnite Galois extension of number helds with 


Galois group G and recall the notation of 13T We £x two hnite disjoint nonempty 
sets S and T of places of K such that S contains Soo- We put Us ■= Spec(C>i,, 5 ) and 
Zt := Spec(C>L,5/91l|]). Let Gm,x denote the etale sheaf dehned by the group of units 
of a scheme X. The closed immersion l : Zt —>■ Us induces a canonical morphism 
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^m,Us which Can be shown to be surjective by considering stalks. Let 

denote the kernel of this morphism; then we have an exact sequence of etale sheaves 

(7.1) 0 - > - > Gm,Us -^ ^ 0- 

If tc is a finite place of L, we let be the localisation of Ol at w. We denote the field 
of fractions of the Henselisation O'l^ of by L^. If w is archimedean, we let be 
the completion of L at w. In both cases we let Br(L^„) be the Brauer group of L^. 

The main purpose of this subsection is to generalise the following result. 

Proposition 7.1. Let S be a finite set of places of K containing Soo- Then 

Hi{Us,Gm,Us) - El,s, 

Hlt{Us,Gm,Us) — c1l,5, 

there is an exact sequence 

0 ^ HliUs, Gm,Us) 0 Br(L^) Q/Z ^ Hl{Us, Gm,Us) ^ 0, 

w£S{L) 

and for i > 4 we have 

0 ff|.(Spec(L„),G„,sp=c(z,„)). 

(i') 

w real 

Proof. This is |Mil06l Chapter II, Proposition 2.1]. □ 

Lemma 7.2. Let S and T be as above. Then RT^t{Us,L*Gm,ZT) — TiT^t(ZT,Gm,ZT)- 
Moreover, H9fiZT,Gm,ZT) - and HlfiZr^Gm^Zr) = 0 /or i > 1. 

Proof. For a finite field F, the cohomology of i?r^t(Spec(F), Gm,spec(F)) vanishes outside 
degree 0 and i7?^(Spec(F), Gm,spec(F)) — Moreover, we have an isomorphism 

RT^fiZT,Gm,ZT) — -Rr^t(Spec(L(w)), Gm,Spec(L(«))))5 

w&T{L) 

where L{w) denotes the finite field and so the second claim follows. Note that the 

natural map H^^Zt, Gm ,Zt) Zj.) is in fact an isomorphism. Furthermore, 

the functor is exact for the etale topology by |Mil80( Chapter II, Corollary 3.6]. Thus 
the universal property of derived functors gives the first claim. □ 


Let S be a subset of S containing Soo- We shall consider the natural map 

(7.2) i-l, = : Rr,,(UE, ^ 

Here, the set T may be empty, in which case we put := Gm,Us similarly with 

Gm,u^- Sequence (|7.1 ) and Lemma 7.2 for S and S induce a commutative diagram 


(7.3) 




bs.s 




bs.s 

' 

RTet{Us, Gm,Us) 


RTet{ZT, Gm,ZT) 
RTetiZx, Gm,ZT) 


where the rows are exact triangles. Let g = D'^ g{L) be the cone of "0^ g. The diagram 
shows that g does not in fact depend on T and thus we denote it by D-^ s- 
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Proposition 7.3. Let S,T and S be as above. We have 

( Z[S{L)-E{L)] if i = 0 

H\DIs{L)) ~ H\D^,s{L)) ~ Q/Z[5(L) - S(L)] if i = 2 

{ 0 if z^0,2. 

Proof. As = D-£ s does not depend on T, we can and do assume that T is empty. 
Let := Uy, — Us] then Zy,s is a closed subscheme of Uy and by |Mil8nl Chapter III, 
Proposition 1.25] we have an isomorphism 

Dy,s — 

where the righthand side denotes cohomology with support on Zy,s- We now apply 
[MilSOl Chapter III, Corollary 1.28] and |Mil06t Chapter II, Proposition 1.5] to obtain 
the desired result. □ 


Proposition 7.4. Let S and T be as above. Then 




Els 

*/ 

i = 0 


if 

i = 1 

Hlt{Us,GTn,Us) 

if 

i > 2 


Proof. By Proposition |7.1| and Lemma [7^ the long exact sequence of cohomology groups 
induced by (7.1) yields an exact sequence 


0 Hl{Us,GUs) {OL,smir mtiUs.Gi^Us) ^ 0 

and isomorphisms — Hl^{Us,^m,Us) i > 2. It follows from this 

and (3.2) that H9^{Us,Gm,Us) — ^l,s^ ^^d that Hl^{Us,Gm,Us) ^^d cl^^ have the same 
cardinality; it remains to show that they are in fact isomorphic. 

We now change notation as follows: let S = S' for the choice of S as in the statement of 
the proposition; and enlarge S in such a way that S is finite and disjoint from T and that 
vanishes. The same reasoning as above shows that also vanishes. 

Therefore the long exact cohomology sequence induced by ( 7.2[ ) yields an exact sequence 

(7.4) 0 ^ El^ Els nS{L) - S(L)] ^ Hl{UY,Gln,) 0, 


where H^{D'^si^)) — Z[S'(L) — S(L)] by Proposition |7.3[ Comparing (7.4) to (3.1) yields 
HI{Uy, as desired. □ 


Remark 7.5. The proof of Proposition 7.4 shows that the long exact sequence in coho¬ 
mology induced by (7.2) yields an exact sequence whose first terms coincide with (3.1). 
Similarly, taking global sections in (7.1) gives a long exact sequence in cohomology whose 
first terms coincide with (3.2). 


7.2. Flat cohomology. Let X be an affine scheme and consider the multiplicative group 
scheme over X. We let fin/x be the kernel of multiplication by n G N and for a 

prime p we put Ppocfx '■= lirn ^. /Xpj /x which is an ind-W-group scheme. 

By the flat site on X we shall mean the site of all quasi-finite flat schemes of finite 
presentation over X with the /pp/-topology; so coverings are surjective families of flat 
morphisms that are locally of finite presentation. Note that our definition agrees with 
the fpqf-site in |Sch83] . but differs from the flat site in |Mil8nj : however, this will play 
no decisive role in the following by |Mil8nl Chapter III, Proposition 3.1]. The group 
schemes Gm/x and pn/x represent abelian sheaves for the flat site on X and we denote 
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the corresponding cohomology groups by Gm) and /i„), respectively. As Gm 

is smooth over X, we have an isomorphism 


(7.5) G^) ~ <Gm,x) 

by |Mil 8 n( Chapter III, Theorem 3.9]. 

For a prime p we write Pp{L) for the group of p-power roots of unity in L. We now 
specialise to the case X = Ul ■= Us^ and p odd. Then also represents a sheaf 

for the flat site ohUl- As the Kummer sequences 


0 





0 


are exact for the flat site on Ul for all n G N, we have an exact triangle 

(7.6) RTfi{UL, Pp^) —> RT{i{UL,Gm){p) —t Qp i?rfi(f/L, Gm)(p), 

where we use the notation C*{p) := Zp^lC* G T>(Zp[G]) for any complex C* in T>(Z[G]). 
By Proposition 7.1 and (7.5) we thus obtain isomorphisms 


77fl(Gz„/Xpoo) ~ 


Pp{L) 

<Qp/hp 

0 


if i = 0 
if i = 3 
if i^0,l,3 


and an exact sequence 

0 —t H^{Ul,Pp° 




7.3. A reduction step. We now begin the proof of the main theorem of this article. 


Proof of Theorem |5.4 This proof will occupy the rest of and all of We first prove 
a reduction step that will allow us to make certain simplifying assumptions. 

Put L' := L{(p) and C := Gal(L'/L). Then C is a cyclic group whose order divides 
p — 1. Let N : Af, —)• Af and i : Af^ —)• Af, denote the homomorphisms induced by the 
norm and inclusion maps on ideals, respectively. Then N oi : Af —)■ A|] is multiplication 
by \C\ and thus is an isomorphism of p-groups. In particular, i is injective and N is 
surjective. Let A(C) denote the kernel of the augmentation map TfC] Z which maps 
each c G C to 1. The composite map i o N : Af, —)■ Af, (also referred to as a norm 
map) is given by multiplication by X^cec Since the orders of C and Af, are coprime, 
A^, is cohomologically trivial as a C-module and thus ker(i o N) = A(C)A^,. As i is 
injective we thus have ker(A) = A(C')A|], and since N is surjective we conclude that it 
induces an isomorphism (A^,)c — Af. Using standard properties of Pontryagin duals 
and (co)-invariants, we conclude that 

iiAirh ^ {{Alfr ^ {{ADcY ^ {Aiy. 


The idempotent ec '■= \C\ ^ belongs to the group ring Zp[Gal(L'/iC)] and so 


Fitt^;[G]_((7li)") = ecFitt“jGai(L7A)]_((7liO") 


by Lemma 2.5 (iii). As Stickelberger elements also behave well under base change, i.e., 
ecDP(L'/K) = els(L/K), we may assume without loss of generality that (p G L. Note 
that as we are considering the p-parts we only need that Ef g^p) is torsionfree, as opposed 
to the stronger requirement that Ef g is torsionfree. Since Sp E S and Hyp(S', T) holds, 
this hypothesis is unaffected by replacing L with L{(p). 

For clarity, we now list the assumptions that we shall use for the rest of this proof 
(including the lemmas and propositions proved along the way). We can make these 
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assumptions either for the reasons just explained or because they are direct consequences 
of our hypotheses. Note that S'i.am(-^/-^) U S'p = S'ram(-^oo/-^)- 


Assumptions. We henceforth assume that S, T are hnite sets of places of K and that (i) 
Cp G L, (ii) S'nT = 0 7^ T, (in) SpU Sra.m{L / K)U C S', and (iv) Ej^g{p) is torsionfree. 


7.4. 

(7.7) 


Complexes at the finite level. Now taking p-minus parts of sequence (3.2) for 
Soo yields an exact sequence of Zp[G]--modules 

0 ^ ( OLmir ( p )- 


The middle arrow t dehnes a complex C'^*{L/K) in V{Zp[G]-), 

where we place the hrst module in degree 0. For complexes C* in 'D(Zp[G]) we put 
C*~ := Zp[G]_ ® 2 p[G] ^ Note that taking p-minus parts is an exact 

functor as p is odd. 


Proposition 7.6. There are isomorphisms 

C^*{L/K) ~ ~ Rr4UL,Pp^)- 

in V{Zp[G]-). In particular, the isomorphism class of G'^*{L/K) does not depend on T. 

Proof. Proposition |7.1| describes the cohomology of RT^t{UL, Gm,UL)ip)~ as follows. First, 
we have isomorphisms 

K{U,„G„,uMpr - lirU), ~7li. 

As L is totally complex, we have Gim,Uif) = 0 for every z > 4. Finally, we have an 

exact sequence 

W & Soa ( L ) 


Proposition 


However, the Brauer groups Br(L^„) = Br(C) vanish for all archimedean places w oi L 
and (Q/Z) ~ = 0. We therefore have HlJjJL,Grn,UL){p)~ = 0 every i > 2. Using 
and the assumption that Ef g{p) is torsionfree, we likewise hnd that 

if z = 1 


7.4 




Al 

0 


if z 7 ^ 1. 


Now sequence (7.1) and Lemma 7.2 together give an exact triangle 


7?Pet(Ui,G^,^J(p)-- ^ Rr,,{UL,Gm,u,){p)- 


RTetiUL, l'*Gm,ZT){p) 




{ ojmirip )- 


and thus we conclude that G'^*{L/K) ~ RT^tiUi, Gm,UL)ip) in T>(Zp[G]_). 

The isomorphism (7.5) with X = Ul shows that RV^t{UL,Gm,UL) — R^aiUL^Gm) in 
'D(Z[G]). Hence the cohomology computations in the above paragraph show that 

Qp {RR&{ULiGm){p))~ 


is acyclic and so we deduce from the exact triangle (7.6) that the natural map 

7?Pfl(f/L,/ipoo) -)■ i?Pfl(f/L, Gm)(p) 


is in fact an isomorphism in 'D(Zp[G]_). Thus we conclude that i7Pet(UL, — 

i?Pfl(f/L,/ipoo)- in'D(Zp[G]_). □ 
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I Proof of Theorem I5.2[ working at the infinite level 


8.1. Setup and notation. We now work at the ‘infinite level’ and use the techniques of 
Iwasawa theory. Let Q := Gal{Loo/K), which we may write as ^ = iL xi P where P ~ Zp 
and H := Gal(Loo/-^oo) naturally identifies with a normal subgroup of G. Let Pq be an 


open subgroup of P that is central in Q and recall from (4.1) that A(^) := 'Lp\Q\ is a 
free R := Zp|ro]-order in Q{Q). Let j & Q denote complex conjugation (this an abuse of 
notation because its image in the quotient group G := Gal{L/K) is also denoted by j) 
and let := Q / {]) = Gal(L+/iP). Then j & H and so again A(^+) is a free i?-order in 
Moreover, A(G)- ■= A(^)/(l + j) is also a free i?-module of finite rank. For any 
A(^)-module M we write and M~ for the submodules of M upon which j acts as 1 
and —1, respectively, and consider these as modules over A(^+) and A{Q)_, respectively. 
We note that M is i?-torsion if and only if both M + and M~ are i?-torsion. Furthermore, 
any i?-module that is finitely generated as a Zp-module is necessarily i?-torsion. 

Let Xcyc : ^ t Zp denote the p-adic cyclotomic character (recall the assumption that 
Cp G L). Let /ipn = /ipn(Loo) denote the group of p"th roots of unity in and let 
Ap oo be the nested union (or direct limit) of these groups. Let Zp(l) := Ijm ^^ jUpn be 
endowed with the action of Q given by Xcyc- For any r > 0 define Zp(r) := Zp(l)‘^^ 
and Zp(—r) := Homzp(Zp(r), Zp) endowed with the naturally associated actions. For any 
A(^)-module M, we define the rth Tate twist to be M(r) := Zp(r)®Zp Af with the natural 
^-action; hence M(r) is simply M with the modified ^-action g ■ m = XcyddYg{'^) for 
g E G and m G M. In particular, we have Qp/Zp(l) ~ fip^ and A(^+)(— 1 ) ~ A{G)-- 
Recall that for a Z-module M we previously defined M{p) := Zp^^M; we shall use both 
notations M{p) and M(r) in the sequel, believing the meaning to be clear from context. 
We note that the property of being R-torsion is preserved under taking Tate twists. 

For every place n of iF we denote the decomposition subgroup of ^ at a chosen prime 
Woo above v by Gw^ (everything will only depend on v and not on Woo in the following). 
We note that the index [G : Gw^o] fo finite when n is a finite place of K. 

8.2. Complexes at the infinite level. Let be the nth layer in the cyclotomic Zp- 
extension of L. Then li^^ C'^*(L„/iF) defines a complex G'^*{Loo/K) in V{A{G)-)- We 
define Al^ := 

Lemma 8.1. We have isomorphisms 

Ppoo ~ Qp/Zp(l) if i = 0 
l/*(C^-(WiF)) ^ <1 ^/ * = 1 

0 ^ 0 , 1 . 


Proof. Recall that G^*{Ln/K) is defined by the middle arrow of the sequence (7.7) for 


the layer L„. Taking the direct limit over all n gives an exact sequence of A(^)_-modules 


(8.1) 0 ppoc —> 0 indg^^pp- Al^^ Al^ 0, 

\v&T / 

where := li^ Thus G'^*{Loo/K) is the complex in degrees 0 and 1 given by 

the middle arrow of ( |8.1[ ), giving the desired result. □ 

For every complex G* in V{A{G)) we put G*~ := A{G)- ®\ g ) C * G V{A{G)-). For a 
finite set S of places of K we let Uoo,s '■= Spec(C>L^,suSoo) and put Ul^ := Uoo,Soo- The 
following proposition can be viewed as a ‘derived version’ of results that are well-known 
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at the level of cohomology. It seems possible that this result is known to experts, but the 
authors were unable to locate a proof in the literature. 


Proposition 8.2. There are isomorphisms 

C'^*{Loo/K) ~ RT^{U— RTet{Uoo,Sp-, 

in V{K{Q)_). In particular, the isomorphism class of C'^*{Lao/K) does not depend on T. 


Proof. The assumption that (p G L is crucial in this proof. Even though it is not strictly 
necessary, we hrst check that the two complexes C'^*{Loo/K) and RT^t{Uoo,Sp, Tp°°)~ 
compute the same cohomology. Let Ms^ be the maximal prohnite extension of Loo that 
is unramihed outside Sp and let Mg^{p) be the maximal abelian pro-p-extension of Loo 
inside Ms^. We put Hs^ := Gal(M 5 p/Loo) and Xs^ := Gal(M|;j;’(p)/Loo). There is a 
canonical isomorphism with Galois cohomology 


( 8 - 2 ) RTa{UL^^Sp, Tp^) — R^{Hsp, fip^). 

The strict cohomological p-dimension of Hsp equals 2 by jNSW08[ Gorollary 10.3.26] and 
thus H\Hsp, tip°°) = 0 for all i ^ 0,1,2. As the weak Leopoldt conjecture holds for 
the cyclotomic Zp-extension, we also have H‘^{Hsp, pip^) = H‘^{Hsp,Q.p/Tjp){l) = 0 by 
|NSW08|. Theorem 11.3.2]. We clearly have H^{Hsp, iip°°) = Pp°o. Finally 


H^{Hsp,tip^) = Hom(Lr5^,/ip^) = Rom{Xsp, t^p^) = Hom(A|^, pp^) ~ 

where the last iso mor phism is Kummer duality jNSW08( Theorem 11.4.3]. If we compare 

we see that RT^t{Uoo,Sp, Tp°°)~ G^*(Loo/L') compute the same 


1.1 


this with Lemma 
cohomology. 

We now establish the derived version of this result and also consider flat cohomology. 
By Proposition 7.6 we have isomorphisms 


for each layer L„ in the cyclotomic Zp-extension. Taking direct limits over all n yields the 
hrst required isomorphism by |Mil8n[ Ghapter III, Lemma 1.16] which holds for the hat 
topology as well (see jMil8nl Ghapter III, Remark 1.17 (d)] and |Gro681 p. 172]). Finally, 
the natural map 

RTfj (7/^^ , Ppcx>) ^ R^et(^Uao,Spj P‘p°°') 

is an isomorphism by |Sch83t Part II, Lemma 3] (note that this result is formulated 
only in terms of cohomology, but the proof actually shows that the cone of this map is 
acyclic). □ 


For a hnite set S of places of K containing Sp U Loo recall the dehnition of the complex 

Ci{L*JK) := fir«(Spec(Oi+,s),Q,/Zp)'' € ®(A(Gal(Li/A'))) 

which occurs in the EIMG. For an integer m we let G*(L+/iL)(m) := Zp(m)®|G*(L+/iP) 
be the m-fold Tate twist. 


Corollary 8.3. We have Q^(L+/iL)(-l) ~ C^*{L^/Ky in L>(A(^)_). 

Lemma 8.4. LetT' be a non-empty finite set of places of K disjoint from SpU Sram^ S^o 
and let It' '■= ^0„gT' • Then 

(i) It' is an A{Q)_-module of projective dimension at most 1, 

(ii) for any K{Q)^-module M we have Ext\(g)_ (Jt', M) = 0 for i >2, and 
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(iii) It' is R-torsion. 

Proof. For each v E T' we have an exact sequence of A(^^^)-niodules 

(8.3) 0 ^ 0, 

where the injection is right multiplication by 1 — Xcyc{4>woo)4>w^ and denotes the 
Frobenius automorphism at tCoo- Claim (i) now follows easily, and this implies claim (ii). 
For each v eT' the index [g : gwj\ is hnite; thus It> is hnitely generated as a Zp-module, 
giving claim (iii). □ 

Proposition 8.5. There exists a A{g)_-module lg"(—1) and a commutative diagram 

(8.4) 0 -► X+(-l)-. yj(-l)-> It -> Zp(-l)-. 0 

Y Y 

0-^ ^J(-l)-^ Hom(AD^, Qp/Zp)-^ It -^ Zp(-l)-^ 0, 

0 0 


with exact rows and columns where the middle two terms of upper and lower rows (concen¬ 
trated in degrees —1 and Oj represent C*(L+/iF)(—1) and C*^{Lf^/K){—l), respectively. 

Proof. Using (8.1) and Corollary |8.3| we see that for every hnite set T of places of K such 
that Hyp(S'pUS'ramUS'oo, T) is satished, the extension class of the complex C'*^(L+/iF)(— 1 ) 
Ext^(-g)_(Zp(— 1 ),X^^(— 1 )) may be represented by the exact sequence 


m 


(8.5) 


0 


X 


-1) —^ Hom(A^^,Qp/Zp) 




0 . 


Let Zs be the kernel of the natural surjection X^(—1) ^ X^(—1) and let Wt be the 
kernel of the right-most surjection in (8.5). Then the short exact sequences 

■ It —t Zp(— 1 ) • 


0 


Zp(-l) ^0, 0 ^ Z 5 X+(-l) ^ X+(-1) 0, 

induce long exact sequences in cohomology, which by Lemma 8.4| (ii) give the following 
diagram 


Ext^ (fFT,^s) 


Ext^(Zp(-l),Z 5 ) 


Ext'(lUT,X+(-l)) 

7 

Ext'(LFT,X+(-l)) 


^Ext 2 (Zp(-l),X+(-l)) 

^Ext2(Zp(-l),X+(-l)) 


0 

0 


P^i^{WT,Zs) 


Ext^(Zp(-l),Z 5 ), 


where we have omitted the subscript A(^)_ from all Ext-groups, and all rows and columns 
are exact. Note that the top two squares are commutative (see |HS97[ (7.3), p. 140]) and 
that the bottom square is anti-commutative (see |HS97( Exercise 9.9, p. 156]). By |BB07( 
Lemma 2.4] f3 maps (the class of) C*(L+/X)(—1) to Cg (L+/X)(—1). Let 


£ := [0 ^ x+ (- 1 ) ^ Hom(£lU,Qp/Zp) ^ IW ^ 0] £ Exti, 5 |_ (TVt, A'^ 


.(- 1 )). 
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Then the fact that C'*^(L+1) is represented by (8.5) shows that ap maps e to 
1). Now a diagram chase shows that there exists a preimage of e under 7 
that is mapped to C'*(L+ 1 ) by as- □ 


The proof of the following lemma explains why we write Yj (—1) rather than Yj. Note 
that every A(^)_-module M may be written as an n-fold Tate twist for every n G Z; 
simply write M = M{—n){n). 

Lemma 8.6. The projective dimension of the K{Q)--module 1) is at most 1. More¬ 
over, y'/(—1) is R-torsion. 

Proof. Let T C T" be a second finite set of places of K such that Hyp(S', T") is satished 
and let T' := T" — T. The short exact sequence 


0 —y Wt —y Wj'h —y Ix' —^ 0 

induces a long exact sequence in cohomology which by Lemma |8.4| (ii) becomes 
Exti,g)_(frT»,X+(-l)) ^ Exti,g,_(^^•TW7-l)) ^ 0. 


Thus using top row of (8.4) for T and T" we have a commutative diagram 


0 ^ X+(-l)-- yj(-l)-► It -► Z,(-l)-► 0 

0-- A'+(-l)-. Yf’i-l) -- It -- Zp(-l)-► 0. 


Applying the snake lemma now gives a short exact sequence 






- 1 ) 


It' 


0 . 


Therefore Lemma |8.4| shows that the claim does not depend on the particular choice of 
T and so by Remark]^ we can and do assume that T consists of a single place v. 
Recall that \= Q/(j) = Gal(L+/iL) and let denote the decomposition subgroup 

'^00 

at , where denotes the place of below Woo- Then we have an isomorphism of 
A(^+)-modules 


(8.6) (indg^^Zp(-l)) (1) ~ indgt Zp. 

Let denote the kernel of the augmentation map A(^’^) ^ Zp. Given a K{Q^)- 

monomorphism : R{Q^) Ritter and Weiss |RWn41 §4] construct a four term 

exact sequence whose class in Ext^(g+)(Zp, A^) is in fact independent of the choice of - 0 . 
To make this construction explicit, we now choose to be given by right multiplication 
with (1 — ), where denotes the Frobenius automorphism at Let be 

followed by the inclusion A(^+) C A(^+). Then the cokernel of identihes with 
ind^+ Zp, and the Ritter and Weiss construction gives a four term exact sequence 



where the A(^+)-module has projective dimension at most 1 and is R-torsion. 
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It follows from |Nicl3[ Theorem 2.4], Corollary 8.3 and ( 8 . 6 ) that we have a commu¬ 
tative diagram 


0 --X+---indg+ Zp 




y 


{u} 


ind 


G+ 


0 


0 . 


Hence the vertical arrow must be an isomorphism, and thus the projective dimension of 
the A(^’'')-module yj’^^ is at most 1 and y^’^^ is i?-torsion. Therefore the same claims 
are true of the A(^) .-module 1 ). □ 

8.3. Consequences in terms of non-commutative Fitting invariants. We will 

henceforth assume that all ramified places belong to S. For n G T we put 


We put 


■ nr(l 'Xcyc{4^Wao)4^Wao) • 


'^S,T = s,t{Loo/K) := 


v&T 


Note that this slightly differs from the corresponding element ^ s,t in |Nicl3j . 
Proposition 8.7. Suppose that the EIMC holds for Lf^/K. Then is a generator of 


Proof. Since the EIMC holds, by dehnition (2.6) we have that generates the Fit¬ 
ting invariant of C*(L+/iF) G However, tl^^ induces an isomorphism 

A(^+)(—1) ~ A(^)_ and so fpyj, $ 5 )“^ generates the Fitting invariant of C*(L+/iF)(—l) G 
Ptor^(A(^)_). Lemmas 8.4 and 8.6 show that It and y 5 ’(—1) are both i?-torsion A(^)_- 


modules of projective dimension at most 1 ; hence they both have quadratic presentations 


by Remark 4.1 (or alternatively, |Nicin| Lemma 6.2]). Therefore combining Proposition 
8.5| and Lemma |2.6 gives 

Fitt»(8)_(Fj(-l)) = FittA,e,_ (CJ(Li/ii')(-l))-‘. Fitt»(5,_(/T). 


The exact sequence (8.3) shows that each (indg^ Zp(—1)) has a quadratic presentation 
and that its Fitting invariant is generated by Hence Lemma [23 (ii) gives 


FittA(g)_(Jr) = JjFittA(g)_ ((indg^^Zp(-l)) ) = JJ [('^^)c(A(e)-)] 


v&T 


veT 


lnr(C(A(e)-) 


and we therefore obtain the desired result. 

We now suppose that the EIMC holds for Lf^/K. The surjection 

(-1) —^ Hom(A^^, Qp/Zp) —^ 0 


□ 


in diagram (8.4), together with Lemma 2.5 (i) and Proposition 8.7 then imply that 

>Fs,t 6 FitCg_(Hom(/lU,Qp/ZJ). 
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As the transition maps in the direct limit = hi^ are injective by |GP151 Lemma 
2.9], the transition maps in the projective limit Hom(A^^, Qp/Zp) = are 

surjective. As Lx, := Gal(Loo/-^) clearly acts trivially on (A^)^, we have a surjection 

(8.7) Hom(AL, Qp/Zp)r, ^ {AlY 0. 


Fix an odd character x £ IrrQc(G) and view x as an irreducible character of Q with open 
kernel. We have 


= (l){jLi^s)) = Lp,s(0,xa;), 


where the hrst and second equalities follow from Lemma 6.1 and (6.4), respectively. 
Moreover, (t^Ux^Wv&T ^•»)) ~ ^r(0, x)- As Fitting invariants behave well under base change 
by Proposition |6.2[ we have 



E 'l>Ux('is,T))e(x) e Fittjyol_(Hom(AL,Q,/Z,)rJ C Fitt5;fG,_((ylD''), 

XelrrQc(G) 


where we have again used Lemma 2.5 (i). This completes the proof of Theorem 5.2 □ 


9. Hybrid p-adic group rings and Frobenius groups 

9.1. Hybrid p-adic group rings. We recall material on hybrid p-adic group rings from 
|JN161 §2] and |JN1 §2]. We shall sometimes abuse notation by using the symbol © to 
denote the direct product of rings or orders. 

Let p be a prime and let G be a hnite group. For a normal subgroup N < G, let 
eN = a be the associated central trace idempotent in the group algebra 

Qp[G]. Then there is a ring isomorphism Zp[G]eAr ~ Zp[G/A^]. We now specialise |,TN161 
Dehnition 2.5] to the case of p-adic group rings (we shall not need the more general case 
of A^-hybrid orders). 

Definition 9.1. Let N <G. We say that the p-adic group ring Zp[G] is N-hybrid if (i) 
Cat G Zp[G] (i.e. p \ |A^|) and (ii) Zp[G](l — e^) is a maximal Zp-order in Qp[G](l — ejxf). 

9.2. Frobenius groups. We recall the dehnition and some basic facts about Frobenius 
groups and then use them to provide many examples of hybrid group rings. For further 
results and examples, we refer the reader to |JN16i §2.3] and |JN1 §2.2]. 

Definition 9.2. A Frobenius group is a hnite group G with a proper non-trivial subgroup 
H such that H fl gHg~^ = {1} for all g E G — H, in which case H is called a Frobenius 
complement. 


Theorem 9.3. A Frobenius group G contains a unigue normal subgroup N, known as 
the Frobenius kernel, such that G is a semidirect product N x H. Moreover: 

(i) |A^| and [G : N] = \H\ are relatively prime. 

(ii) The Frobenius kernel N is nilpotent. 

(iii) If K <G then either K < N or N < K. 

(iv) If X ^ Iitc(G') such that N ^ kery then x = ind^(V’) for some 1 ^ E Irrc(A^). 


Proof. For (i) and 
|Rob96] Exercise 7, 


(iv) see |GR811 
§8.5]. 


]14A]. For (ii) see |Rob961 10.5.6] and for (iii) 


see 

□ 


Proposition 9.4 ( |,TN161 Proposition 2.13]). Let G be a Frobenius group with Frobenius 
kernel N. Then for every prime p not dividing |A^|, the group ring Zp[G] is N-hybrid. 
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For n G N, let Cn denote the cyclic group of order n, let An denote the alternating 
group on n letters and let Sn denote the symmetric group on n letters. Let V 4 denote the 
subgroup of generated by double transpositions. We now recall two examples from 
|JN161 §2.3] (also see |JNl §2.2]). 

Example 9.5. Let p < g be distinct primes and assume that p\ (g — 1). Then there is an 
embedding Cp ^ Aut(Cq) and so there is a hxed-point-free action of Cp on Cq. Hence the 
corresponding semidirect product G = x (Fp is a Frobenius group (see |JN161 Theorem 
2.12] or |RZ10l §4.6], for example), and so Zp[G] is iV-hybrid with N = Cq. 

Example 9.6. Let g be a prime power and let ¥q be the hnite held with g elements. The 
group Aff(g) of affine transformations on Fg is the group of transformations of the form 
X ^ ax + b with a G and b G Fg. Let G = Aff(g) and let N = {x ^ x + b \ b & Fg}. 
Then G is a Frobenius group with Frobenius kernel A^ ~ Fg and is isomorphic to the 
semidirect product Fg x F^ with the natural action. Hence for every prime p not dividing 
g, we have that Zp[G] is A^-hybrid. Note that in particular Aff(3) ~ S 3 and Aff(4) ~ A 4 . 

Lemma 9.7. Let G = N >i H be a Erobenius group. Then G is monomial if and only if its 
Erobenius complement H is monomial. In particular, if H is supersoluble or metabelian 
then G is monomial. 


Proof. Suppose H is monomial. Let x ^ Iitc(G). If A^ < kery; then y is inhated from 
some if G Irrc(G/A^). Otherwise N ^ kery and so y is induced from some G Irrc(A^) 
by Theorem 9.3 (iv). The Frobenius complement H ~ G/N is monomial by assumption. 
Moreover, the Frobenius kernel N is nilpotent by Theorem |9.3 (ii) and thus is monomial 
by |CR811 Theorem 11.3]. However, induction is transitive and inhation commutes with 
induction (as in |Wei03l Theorem 4.2 (3)], for example) so that in both cases y is induced 
from a linear character. Therefore G is monomial. The converse follows from the fact 
that any quotient of a monomial group is monomial (this can easily be proved using that 
inflation commutes with induction; also see |BDJ'*~82l Chapter 2, §4]). The last claim 
follows since H is monomial in these cases by |Wein31 §4.4, Theorem 4.8 (1)]). □ 


9.3. New p-adic hybrid group rings from old. We recall two results from |,TN1 §2]. 

Proposition 9.8 f |JNl Proposition 2.14]). Let G be a finite group with normal subgroups 
N,H < G. Let N' be a normal subgroup of H such that N' < N. Let p be a prime. If 
Zp[G] is N-hybrid then Tjp[H] is N'-hybrid. 

Proposition 9.9 f |JNl Proposition 2.15]). Let G be a finite group with normal subgroups 
N < H < G such that A^ < G. Let p be a prime and assume that p \ [G : H]. Then Zp[G] 
is N-hybrid if and only ifXp[H] is N-hybrid. 


Example 9.10. Let p = 3, G = S^, H = A 4 ^ and N = V^. Then the hypotheses of 
Proposition |9.9| are satished. Hence T, 3 [S.i] is lA-hybrid if and only if 23 (^ 4 ] is lA-hybrid. 
In fact, 23(^4 is indeed lA-hybrid since A 4 is a Frobenius group with Frobenius kernel V 4 
(see Example |9.6|) and so 'L 3 [Sf\ is also lA-hybrid. However, S '4 is not a Frobenius group 
(see |JN16i Example 2.18]). Thus Proposition 9.9 can be used to give examples which do 


not come directly from Proposition 9.4 


Remark 9.11. One of the main reasons for interest in Propositions 9.8 and 9.9 


comes 


from base change in Galois theory. Assume that LjK is a hnite Galois extension with 
Galois group G. Let p be a prime and suppose that Zp[G] is A^-hybrid for some normal 
subgroup N of G. Put F := L^. Now let K'f K be a hnite abelian extension of K and 
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put F' = FK' and V = LK'. Then F[ := Gal{F/K') naturally identifies with a subgroup 
of G. Similarly, N' := Gal{L'/F') is normal in H and identifies with a subgroup of N. 
The fixed field is a subfield of K' and thus /K is a Galois extension, since K' jK 
is abelian. Hence H is normal in G and we conclude by Proposition 9.8 that l^p[H] is 
AT'-hybrid. Finally, let G' := Ga\{L'/K)] iip\[K' : K] then Zp[G'] is also A^'-hybrid by 
Proposition 9.9 The situation is illustrated by the following field diagram. 



10. Unconditional results 

10.1. Extensions of degree coprime to p. We first consider a straightforward case. 

Theorem 10.1. Let L/K he a finite Galois CM-extension of number fields. Let p be an 
odd prime and let S be a finite set of places of K such that Sp U Sra.ui{L/K) U Soo C S. If 
Gal{L~^/K) is monomial andp\ [L^ : K\ then both BS{L/K,S,p) and B{L/K,S,p) are 
true. 


Proof. Since [L^ : K] and [L{(p)~^ : L+] are both coprime to p, their product [L{(p)^ : K] 
is also coprime to p. Hence by Theorem 4.6 the EIMC holds for L{(p)f^/K, and so the 
desired result follows from Corollary |5.4[ □ 


10.2. Further unconditional cases of the EIMC. We now apply the results of |,TN] 
to give criteria for the EIMC to hold unconditionally in cases of interest to us. 

Theorem 10.2. Let L/K he a finite Galois extension of totally real number fields with 
Galois group G. Let p he an odd prime and let Loo the cyclotomic Zp-extension of L. 
Let N be a normal subgroup of G and let P be a Sylow p-subgroup of G := Gal{L^/K) ~ 
G/N. Suppose that Zp[G] is N-hybrid and that (L'^)^/Q is abelian. Let K'/K he a 
field extension such that K' is totally real, K'/Q is abelian and p f [K' : K] < oo. Let 
L'go = LocK'. Then the EIMC holds for both L^o/K and L',^/K. 


Remark 10.3. It is straightforward to see that for every prime p and every finite group 


G, the p-adic group ring Zp[G] is {l}-hybrid. Hence, in particular. Theorem 10.2 can be 
applied in the case that N is trivial. 


Remark 10.4. The hypothesis that (L'^)^/Q is abelian forces iP/Q to be abelian, and thus 
one can take K' to be the compositum of K with another finite abelian extension K'^/Q 
such that p f [K" : Q]. In particular. Theorem 10.2 can be applied with K' = K{(p)^ 
and L'oo = L^{Cp)+ = L(Cp)+. 


Proof of Theorem id. 4 The EIMC holds for Loo/K by |,TN1 Theorem 4.17 (v)]. Let 


F = L^ and put F' = FK' and L' = LK'. Let G' = Ga\{L'/K) and N' = Ga\{L'/F'). 
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9.11 


Let P be a Sylow p-subgroup of G" := G'/N'. 


Then Zp[G'] is A^'-hybrid by Remark 

Then _ _ _ _ 

{{lYf = {FY' = F^K' = 

which is an abelian extension of Q as it is the compositum of two such extensions. 
Therefore the EIMC holds for L'^jK by a further application of |,TN1 Theorem 4.17 
(v)]. □ 

10.3. Unconditional results on the non-abelian Brumer—Stark conjecture. 

Theorem 10.5. Let LjK he a finite Galois CM-extension of number fields. Let N be a 
normal subgroup of G := Gal(L^/iL) and let F = (L+)^. Let p be an odd prime and let 
P be a Sylow p-subgroup of G := Gal{F/K) ~ G/N. Suppose that Zp[G] is N-hybrid, 
G is monomial, and F^/Q is abelian. Let S be a finite set of places of K such that 
Sp U S^i,_^{L/K) U S'oo C S. Then both BS{L/K, S,p) and B{L/K, S,p) are true. 

Remark 10.6. In particular, Theorem |10.5| can be applied in the case that N is trivial 
and F = L+ (see Remark 10.3). 


Proof of Theorem 10.5 . Applying Theorem 10.2 with K' = K{C,p)^ gives the EIMC for 
L{(p)fi,/K. Hence the desired result follows from Corollary 5.4 □ 

Corollary 10.7. Let LjK he a finite Galois CM-extension of number fields and let G = 
Cal(L’*’/iL). Suppose that G = U yi V is a Frobenius group with Frobenius kernel U and 
abelian Frobenius complement V. Further suppose that {L~^)^/Q is abelian (in particular, 
this is the case when K = Q). Let p be an odd prime and let S be a finite set of places of 
K such that Sp U S'ram(L/iL) U S'oo ^ S. Suppose that either p \ \U\ or U is a p-group (in 
particular, this is the case if U is an i-group for any prime i.) Then both BS{L/K, S,p) 
and B{L/K,S,p) are true. 

Proof. First note that G is monomial by Lemma im since V is abelian. S uppo se that 

Hence 


9.4 


pf \U\. Let N = U and F = (L+)^. Then Zp[G] is 77-hybrid by Proposition 
the desired result follows from Theorem 10. 5| in this case since P/Q is abelian, which 
forces F^/Q to b e abelian. Suppose that U is a p-group. Taking N = {1} and F = L^ 
(see Remark 10.6) we apply Theorem 10.5 with G = G and P = U to obtain the desired 
result. □ 


Example 10.8. In particular, Lf is an Cgroup in Corollary |10.7| in the following cases: 

• G ~ Aff(g), where g is a prime power (see Example |9.6[ ), 

• G ~ Gf X Gq, where q < E are distinct primes such that g | (-^ — 1) and Gq acts 


on Gi via an embedding Gq Aut(Gf) (see Example 9.5), 

• G is isomorphic to any of the Frobenius groups constructed in |JN1 Example 

2 . 11 ]. 

Corollary 10.9. LetL/K be a finite Galois CM-extension of number fields. Let p he an 
odd prime and let S be a finite set of places of K such that Sp U S'i.am(-f"/A") U S'oo ^ S. 
Then both BS{L/K, S,p) and B{L/K, S,p) are true when L'^/K is any of the extensions 
considered in PHI Examples 4.21, 4.22 or 4.23]. 


Proof. The group in |JNl Examples 4.21] is monomial by an application of Lemma 9.7 
and the group in |JNl Example 4.22] is monomial by an application of |BDJ'*~82l Chapter 
2, Theorem 3.10]. For |,TN1 Examples 4.23] it is straightforward to check that S 4 is a 
monomial group. That the remaining hypotheses of Theorem 10.5 are satished in each 
case are verihed in the cited examples themselves. □ 
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In certain situations, we can also remove the condition that Sp C S. To illustrate this, 
we conclude with the following result. 


Theorem 10.10. Let L/Q be a finite Galois CM-extension of the rationals. Suppose 
that Gal(L/Q) ~ (j) x G, where G = Gal(L+/Q) = N x V is a Frohenius group with 
Frobenius kernel N and abelian Frobenius complement V. Suppose further that N is an 
i-group for some prime 1. Then both BS{L/Q, S,p) and B{L/Q, S,p) are true for every 
odd prime p and every finite set S of places of Q such that S'ram(T/Q) U Soa ^ S. 


Proof. By Gorollary |10.7[ we see that the desired result holds when we assume in addition 
that S contains Sp = {p}. Hence we may assume that p is unramihed in L/Q since 
*S'ram(-h/Q) ^ S. We claim that in this case the p-minus part of the equivariant Tamagawa 
number conjecture (ETNG) holds for the pair (h°(Spec(L)), Z[Gal(L/Q)]) which implies 
both BS{L/K, S,p) and B{L/K, S,p) by |Nicllal Theorem 5.3]. As p is unramihed in 
L/Q, we have L ^ L+(Cp) and thus the Strong Stark conjecture at p holds for each odd 
character of Gal(L/Q) by |Nicllbj Gorollary 2]. Moreover, when p = i then the relevant 
yU-invariant vanishes by the theorem of Ferrero and Washington |FW79] and |NSWn8( 
Theorem 11.3.8]. Hence the minus-p-part of the ETNG holds by [Nict Theorem 1.3]. 
Now suppose that p i- Then the group ring Zp [(L] is Whybrid by Proposition 9.4 and 
so Zp[Gal(L/Q)] is also Whybrid by Proposition 9.9 since p is odd. As L'^/Q is abelian, 
the (minus-p-part of the) ETNG holds for the pair (h°(Spec(L'^)),Z[Gal(L-'^/Q)]) by 
work of Burns and Greither |BG03] . Thus the minus-p-part of the ETNG for the pair 
(/i°(Spec(L)),Z[Gal(L/Q)]) holds as well by restricting |,TN161 Theorem 4.3] to minus 
parts. □ 
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